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Abstract. Let CP\.,,„ be the orbifold structure on CP^ obtained via 
uniformizing the neighborhoods of and oo respectively by z i— > z*' and 
w I— > tu™. The diagonal action of the torus T — (S*^) on CP^ induces 
naturally an action on the orbifold CP^^^m- In this paper we prove that 
if k and m are co-prime then Givental's prediction of the equivariant to- 
tal descendent Gromov-Witten potential of CP^fc^m satisfies certain Hirota 
Quadratic Equations (HQE for short). We also show that after an appro- 
priate change of the variables, similar to Getzler's change in the equivariant 
Gromov-Witten theory of CP^ , the HQE turn into the HQE of the 2-Toda 
hierarchy, i.e., the Gromov-Witten potential of CP^fc^m is a tau-function of 
the 2-Toda hierarchy. More precisely, we obtain a sequence of tau-functions 
of the 2-Toda hierarchy from the descendent potential via some translations. 
The later condition, that all tau-functions in the sequence are obtained from 
a single one via translations, imposes a serious constraint on the solution 
of the 2-Toda hierarchy. Our theorem leads to the discovery of a new inte- 
grable hierarchy (we suggest to be called the Equivariant Bi-graded Toda 
Hierarchy), obtained from the 2-Toda hierarchy via a reduction similar to 
the one in [13j . We conjecture that this new hierarchy governs, i.e., uniquely 
determines, the equivariant Gromov-Witten invariants of CP^ 



1. Introduction 

Let CP^ ^ be the orbifold structure on CP^ obtained via uniformizing the 
neighborhoods of and oo respectively hy z ^ and w w™. This uni- 
formization induces naturally an orbifold structure on the hyperplane class 
bundle, such that the cyclic groups and Z^^ act trivially on the correspond- 
ing fibers. The resulting orbifold bundle is denoted (9"'^'^(1). 

Let T = S^xS^ and denote by and vi the characters of the representation 
dual to the standard representation of T in C^. The T-equivariant cohomol- 
ogy of a point is naturally identified with C[z/o, vi]- Furthermore, the diagonal 
action of T on induces a T-action on CP^ = (C^ — {0}) /C* and the later 
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naturally induces a T-action on the orbifold CP^ ^. We also equip the bundle 
with a T-action in such a way that the corresponding characters on 
the fibers of at and cxo arc respectively z/q and Ui. 

The equivariant orbifold cohomology H of CP^ ^ is by definition the equi- 
variant cohomology of its inertia orbifold: 

k—l m—1 

7CP^,„ = CP^,^ U □[pt/Z,] U Ulpt/Zj, 
i=i j=i 

where the orbifolds [pt/Z^] and [pt/Z^] are called twisted sectors and the torus 
T acts trivially on them. We fix a basis in H: 

h/k: l<i<k-l, lo/jfc = (p - i^l)/(i^O - ^l): 
ij/m: i < j <m-l, lo/m = (P " i^o)/(j^l " i^o), 

where p is the equivariant 1-st Chern class of li/k and Ij/m arc the 

units in the cohomologics of the corresponding twisted sectors and the indices 
i/k and j/m are identified respectively with elements in Z^ and Z^. Finally, 
let ( , ) be the equivariant orbifold Poincare pairing in H : 

(lo/fc, lo/fc) = 1/(^0 - ^^i), {li/kA{k-i)/k) = l/k, l<i<k-l, 

(lo/m, lo/m) = 1/(^^1 - J^o), (ij/m, l(m-i)/m) = I < j < m - 1, 

and all other pairs of cohomology classes are orthogonal. 

By definition the total descendent Gromov-Witten potential of CPj.^ is 

P(q) = exp [ flU + f: e^M^ ] , 

where A1g^„(CP^^, d) is the moduli space of degree c? G Z stable holomorphic 
maps / from a geims-g Riemann surface, equipped with n marked orbifold 
points, eva ■ A^g,n(CP^ d) — >• /CP^ „j is the evaluation map at the a-th 
marked point, ipa is the equivariant 1-st Chern class of the line bundle on 
A^g,„(CP^^, d) corresponding to the cotangent line at the a-th marked point, 
q = ^'-^^ ^ -^W) the integrals are performed against the virtual funda- 
mental classes [A^p^„(CP^ d)Y'"', and the sum is over all non-negative integers 
g, n, d for which the moduli space 7Wg^„(CP^ d) is non-empty. 

The potential V is identified with an element of a bosonic Fock space B 
which by definition is the vector space of functions on H[z] which belong to 
the formal neighborhood of —Iz. Note that 1 = lo/k + lo/m, therefore if we 
put 

k—l m—1 

?n = E^n'lVfc + E^n/"^l^/- 
i=0 j=0 
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then B is the set of formal series in the variables ql!'' + S^Sq/I, qn"^ + i^n^o/m' 
whose coefficients are formal Laurent series in e. Here we used the Kronecker 
symbols: 5^ = 1 or depending whether a = h oi a ^ h. 

We introduce the following vertex operators acting on the Fock space B: 



where v = (z/q — z/i)/A;, and the hat ^ indicates the following quantization rule. 
The exponent f ^ of is written as a product of two exponents: the first (left) 
one contains the summands with n < and the second (right) one with n > 0. 
Each summand corresponding to n < is expanded into a series of z~^. The 
quantization rule consists of representing the terms 0q,(— z)~"~^, n > and 
4>aZ^, n > respectively by the operators of multiplication by the linear func- 
tion — J2f3 VaisQn the differential operator ed/dq^. Here rjap = (1q, 1/?) is 
the tensor of the Poincare pairing. Similarly, we introduce the vertex operator 
F obtained from F^*" by switching z/q <-> i^i, and k m. 

We say that a vector V in the Fock space B satisfies the Hirota quadratic 
equations (HQE) below if for each pair of integers I and n 



resA=oo (a"~' F- ® F+ - (Q/A)"-' F+ ® F" 



(^1,2) ^g("+l) l0/fc+"l0/m (g, g'lo/fc + {' + l)lo/mj (J) J)) — = . 

The HQE (11.21) are interpreted as follows. Switch to new variables x and y 
via the substitutions: q' = x + y, q" = x — y. The LHS of the HQE expands 
as a series in y with coefficients Laurent series in A~^, whose coefficients are 
quadratic polynomials in V, its partial derivatives and their translations. The 
residue is defined as the coefficient in front of A~^. 

Motivated by Givental's formula of the total descendent potential of a Kahler 
manifold with semi-simple quantum cohomology, we introduce an element V^"^ 
of the Fock space of the following type: 

k+m 

(1.3) V^^ = e^'^'W^;^ {^^Rrc'^^/^f n ^P^(q^)- 

1=1 

The different ingredients in this formula will be explained later. For a Kahler 
manifold equipped with a Hamiltonian torus action whose and 1-dimensional 
strata are isolated, Givental [TU [15] proved that (II. 3p agrees with the equi- 
variant total descendant Gromov-Witten potential. His arguments, based on 
an ingenious localization analysis, may be extended to orbifolds and, together 
with some new ingredients, used to prove that (II. 3p agrees with the equivari- 
ant total descendant orbifold Gromov-Witten potential for a Kahler orbifold 
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with a Hamiltonian torus action whose and 1-dimensional strata are isolated. 
Details will be given in |22j . 

Our goal here is to prove that the conjectural formula (II. 3p has some very 
interesting property which in particular leads to the discovery of a new in- 
tegrable hierarchy given in terms of HQE by (11.21) . Our main result can be 
stated this way. 

Theorem 1.1. The function T)^'^ satisfies (II. 2p . 

Let 7/1,1/2, .. . and yi,y2, ■ ■ ■ be two sequences of time variables related to 
(kC^y Q^i^ 1 ■ ■ ■ q'J^ 1 ■ ■ ■ via an upper-triangular linear change defined 
by the following relations: 



Theorem 1.2. LetVniq) = Q""' ^^V^' {q + ne 1) . Then the changes (fLl) - ffL5|) 
transforms {Vn} into a sequence of tau-functions of the 2-Toda hierarchy. 

Recall that the KdV hierarchy is a reduction of the KP hierarchy which 
in terms of tau-functions can be described as follows: tau-functions of KdV 
hierarchy are tau-functions of KP which depend only on odd variables. In 
our case we have a reduction of the 2-Toda hierarchy which in terms of tau- 
functions can be described as sequences of tau-functions of 2-Toda obtained 
from a single function by some translations. In Appendix [B] we describe what 
kind of constraint the later condition imposes on the Lax operators of 2-Toda. 

Acknowledgments. We are thankful to B. Dubrovin for showing interest in 
our work and for pointing out that the 2-Toda hierarchy is too big to gov- 
ern the Gromov-Witten theory of the orbifold CP^^. This made us realize 
that our HQEs describe a reduction of the 2-Toda hierarchy. Many thanks to 
the organizers M. Bertola and D. Korotkin of the conference "Short program 
on Moduli spaces of Riemann surfaces and related topics" , held in Montreal, 
Canada during June 3 - 15, 2007, where the first author was given the op- 
portunity to lecture on some of the results in this article. The second author 
is grateful to Institut Mittag-LefHer (Djursholm, Sweden) for hospitality and 
support during his visit to the program "moduli spaces" . 
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(1.5) 




where n 1 < i < k, 1 < j < m, v = {vi ~ vq) /m and 
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2. Proof of Theorem 11.21 

Let hi{xi, . . . , Xn) and ei{xi, . . . , x„) be the symmetric polynomials of degree 
/ defined as follows: 



JJ(l + tXi) = '^t^ei{xi,...,Xn), 

i=l l>0 
n ^ 



- + tXi 

i=l * l>0 



To avoid cumbersome notations we put 

. _ gi/k d - _ gj/m d 

OkN+i ■— , J. J — . N ■ o OmN+j 



{N + ilk)\ dy,^+, • (iV + j/m)\ dy^^^^ ' 

where iV > 0, 1 < i < A;, 1 < j < m, and for a positive real number a ^ Z we 
put a\ = {«}({«} + 1) ... a where {a} is the fractional part of a. Note that 
the change of variables can be written as follows 



d_ _ 

7k ~ 

N=0 



d 



y v-^K N ^ . . . , 1 ^ 

^ ^ \j/m' j/m+V'"' j/m + N J 



Following an argument of E. Getzler ([I^, Proposition A.l) we show that the 
above formulas can be inverted. Namely, 

Lemma 2.1. The following formulas hold 

L 



_ V" L-n ( J_ 1 1 \ _d_ 



n=0 
L 



n=0 ^ 



ijk ' 
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j/m^ + 'j'/m + L — 1/ dqH"^ 

Proof. We prove the first identity. The argument for the second one is similar. 
We need to show that the following identity holds for any two integers L > N : 

'^^""'^""'^eL_„ ( — , -77— r, • • • , TTT— T3T ) 



n=N 



i/kU/k + V"'U/k + L-l 
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If L = then the identity is obviously true. Assume that L > N. Then the 
LHS can be interpreted as the coefficient in front of in the product: 

However, with respect to z/, this is a polynomial of degree L — — 1. □ 
The proof of Theorem 11.21 amounts to changing the variables in the vertex 
operators and T . Let us begin with and more precisely with the sum- 
mands in f 1 1.1 1) corresponding to n > and i = k — j, 1 < j < k — 1. The 
coefficient in front of A""^"-' transforms as follows: 

{Ij/kiu + {j/k)z) . . . (z/ + {j/k + n- l)z)y= 



l=Q 

{n-l+ j/k)\ eSkn+j = edy^^^^, 



j/k^j/k + 1^ ^j/k + n 



We used that [z''lj/k) = ed/dq''/'' and the ffist identity in Lemma [2TT1 Simi- 
larly, one can verify that the above answer is valid also for all pairs n, i such 
that either n > and i = k, or n = and 1 < i < k — 1. 

Let i/Nk+i = ^l>o^n,lQl'' be a linear change. Then by the chain rule: 



9l 

L>0 N>0 \L>0 



VNk+i ■ 



On the other hand, since our linear change is defined by (II. 4p . we get 

ya^d-wy"^-^ = -J. ^-^ . 



Note that with respect to the Poincare pairing we have l(k-i)/k = Qi/k'^'^^^- The 
term corresponding to n = — — 1 < and 1 < i < fc, in the exponent of 
F+ transforms as follows: 



di/k 



On the other hand, according to our quantization rules, ((— 2;)"^^^!*/^) = 
—t^^ql'^. Thus the term corresponding to n = — A^— 1 and i is —e~^yNk+i^^^^^ 



/ L>0 
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Finally, the term corresponding to n = and z = A; is lo/fc. Thus, in the new 
coordinates, the vertex operators are given by 



QO ^— n 



F± = exp ^"y^/'j E ^ ^ j 

Similarly the other two vertex operators F^ are given by 

F^ =exp [^f^A-yJe] exp Uf^^edy] e±^o/™. 



n 

n=l / \ n=l 



Substitute these formulas in the HQE in Theorem 11.11 and note that by def- 
inition: Vn = /2gn(io/fc+io/m)2)Fr^ After a short simplification and up to 
rescaling ?/„ and y„ by we get the HQE of the 2-Toda hierarchy (see ap- 
pendix [B]) . 



3. Gromov-Witten theory of CFI 



3.1. The system of quantum differential equations. For some basics on 
orbifold Gromov-Witten theory we refer the reader to P| and [HE]- We recall 
the vector space H which by definition coincides with the vector space of the 
equivariant cohomology algebra of the inertia orbifold JCP^ ^. For each t E H 
the orbifold quantum cup product is a commutative associative multiplica- 
tion in H defined by the following genus-0 Gromov-Witten invariants: 

(1„ •r 1/3, I7) = 5" ? /_ eV* (1„ ® 1/3 ® 1^ ® r«') , 

where ev is the evaluation map at the / -|- 3 marked points. For brevity the 
RHS of the above equality will be denoted by the correlator (1^, 1^, 1^)03 (t). 
We use similar correlator notations for the other Gromov-Witten invariants as 
well. 

It is a basic fact in quantum cohomology theory that the following system 
of ordinary differential equations is compatible: 

where are the coordinates of H with respect to the basis Iq,, and \a*T is the 
operator of quantum multiplication by l^- This system is called the system of 
Quantum Differential Equations (QDE) of the orbifold CP^^. 

If the parameter z is close to 00 then the following End(if)-valued series 
5* = 1 + ^i^;"^ + . . . provides a fundamental solution to the system of QDE: 



fc=0 
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Our first goal is to explicitly compute Sr for r G iJ^(CP^ 



k,m) 



3.2. The J-function. The idea is to compute the so called J-function of 

CP^ ^ defined by 



fc=0 

In this Section we calculate the restrictions to iJ^(CP^^) of the J-function 
and its partial derivatives. Due to technical reasons we assume that fc, m 
are co-prime. However we conjecture that the main results, Proposition 13.21 
Corollaries 13.31 and 13.41 also hold in general. The general case will be addressed 
elsewhere using results of [7] concerning toric Fano stacks. 

Suppose that fc, m are co-prime. Then it is easy to see that CP^ ^ is isomor- 
phic to the weighted projective line P(fc, m), which is defined to be the stack 
quotient [(C^ — 0)/C*] under the following C*-action: 

X-{zo,z,) = {\~^z,A~"'z,). 

It is important to note that the identification of the isotropy groups at stacky 
points are different. For P(fc,m), there is a natural map P(A;,m) P^ given 
by [^o; zi] ^ [z'f^] z\]. The neighborhood {z^^^ ^ 0} C P^ of = [1; 0] has the 
coordinate z\/ z"^, and the stack structure over is given by zxj z!^^^ ^— z\/z^ 
where acts by multiplication by exp( ~^"^^^'" ), while in case of CP^,^, Z^ 

acts by multiplication by exp( ). The neig hborhood [z^ ^ 0} C P^ of 
oo = [0; 1] has the coordinate z"^ / z\, and the stack structure over oo is given 
by zqI z\^^ I— > -2™/^! where Z„j acts by multiplication by exp( ~^""^'^^^ ), while 
in case of CP^ ,„, Z^ acts by multiplication by exp(^^!^i). 

The standard T = (5*^)^ action on descends to a [S^Y action on P(A;, m). 
This gives a (S'^)^-action on the line bundle Cp(A;,m)(l)- Let X^/k and Ai/m be 
the weights of this action at and oo respectively. 

Definition 3.1. For each real number r we denote by {r} G (0, 1] the unique 
real number s.t. r — {r} G Z. Note the range o/{r}. 

Proposition 3.2. The T-equivariant J-function of X = CP^^ is given by the 
following formula 

Qdm^druT 



ze 



TUo/z 



d&.>J^-^^X\J^dmlk}^^^^^) 
^ ' ' ^ Qdk^dkt 

^Ub={dk/m}i^ + bz)d\z'i 
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where if d = then both fractions are by definition 1 and in each product, b 
varies over all rational numbers which have the same fractional part as the 
corresponding upper (or lower) range of the product. 

Proof. The calculation of [8] , which is easily seen to apply to the T-equivariant 
setting, yields the following formula for the T-equivariant J-function for F{k, m): 

(3.2) 

J¥{k,m)(t) 



lo 



nbo=l(cf(Cp(fc,m)(/^)) - Ao + boz) n6i"Ll(cnCp(fc,m)("^)) - Ai + biZ) 



'^"l ^d+i/kJd+i/k)t 

i=i dez>o llt^=iicJ{Op(k,m){k)) - Ao + boz) UtT={i^m^^'^^^^('''"'^^^^^ - Ai + biz) 

^1 Qd+j/m^{d+j/m)t 
^ h Ut=l-lTrnM{Onk,rnm - X, + b,z) R (cn^C^.n.) (m) ) - A^ + b,z) 

Here P = cf (Op(fc,m)(l)) G H'^{F{k,m)) and t is its coordinate. ( lO) follows 
from (13. 2p by incorporating the following changes: 

• In our notation, Iq = lo/k + lo/m- 

• We want to measure degrees of curve classes using (9"°'f(l) = Of>(k,m){km), 
where in [S] Cp(A;^m)(l) is used. As a consequence the degree of a curve 
class we want to use is km times theirs. 

• We use the coordinate r of the class cf (C™'^(1)) as the variable for Jx- 

• We have the following equalities: 

cf (Cp(fc,m)(fc)) = p/m, (Op(fc,m)(m)) = p/k; 
p ■ li/k = p\o = mXo, p ■ Ij/m = p\oo = kXi, 
vo = mXo, ui = kXi. 

Using this we rewrite 



1 

1 


ni<6<B' 


[c{{Pp(k,m){k)) - 
1 


Ao + bz) 


ni<6<B' 


1 


Ao + bz) ^ 


ni<fe<B' 


^cf (Cp(fc,™)(m)) - 
1 


- Ai + bz) " 



1 

1 



1 

1 1' / -m TT^ 1 T / IT) ^ 



1,; 



1 



Y{l<h<Bic{i^nKm){m)) - Xi+bz)^''^ ni<b<B('^ + M 
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• The difference in the identification of isotropy groups discussed above 
imposes the changes h/k ^ l-im/k and Ij/^ ^ 1-kj/m- 

□ 

A direct calculation gives the following 
Corollary 3.3. The J -function Jx satisfies the following differential equation: 

^■^) n (;^^ - :^ - n (^^ - T - - ^'"^'-^^ 

i=o ^ ^ i=o ^ ^ 

Corollary 3.4. The restrictions of the partial derivatives of Jx to the small 
parameter space are given as follows: 

(3.4) 



(kg./k) zd,/,Jx = ze -I ^ — 1 



(—dm+i)/k 



-h ze -' - — ^ 

d6Z>o 116={C 

(3.5) 

Qdm+j ^{dm+j)T 

dez>o ^'^ Ub={iJr!:+j)/k}i^ + bz) 

where the notations and the conventions are the same as above. 

The idea of the proof, borrowed from Section 5 of [8J, is to express the 
partial derivatives of the J-function as linear combinations of derivatives along 
i7^(CP^ ^). This is possible only when k and m are co-prime. The computation 
is straightforward but a bit technical. It will be given in Appendix \M 

3.3. Equivariant quantum cohomology of CP^ Put N := k + m. Let 

k and m be co-prime numbers. Then as it was explained above, CP^ ^ is iso- 
morphic as an orbifold to the weighted projective line. We recall ^ Corollary 
1.2. The proof of this corollary (see |8] section 5) generalizes to equivariant 
settings and we get the following description of the equivariant quantum cup 
product of CP^ m at a point r = txp, tx E C The map 

h/k ^ (pi/k ■= x\ l<i<k-l, lo/fc t-^ 00/fc := fca;*=/(z/o - z^i), 

Ij/m ^ (Pj/m ■=y^, l<j<m-l, lo/m ^ 00/m := my""/ (z/i - Z/q), 
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identifies the algebra {H, •,-), with the algebra 

C[x,x-']/{dJ), 



where f = x^ + {Qe^^ /x)"^ + ui logx + z/q log(Qe*^/x). 

The description of small orbifold quantum cohomology of CPj. ^ is in fact 
valid without assuming that k, m are co-prime. This may be seen as follows. 
Put Xi = li/k,yj = '^j/m- Then in equivariant orbifold cohomology it is easy 
to see that 



Xk-l -X = (Xfc-l,X, l)o,3,0-P-D.(l) + (Xfc_i,X,p)o,3,0-P-D.(j9) 

= p/k + uo/k 

since x, 1)0,3,0 = ^/k, {xk-i, x,p)o,3,o = Ibz^P = ^^/k, and P.D.{1) = 

p, P.D.{p) = 1. Similarly we have ym-i ■ y = p/m + vi/m. So the equivariant 
orbifold cohomology algebra can be identified with 



where x := Xi,y := yi. 

To calculate the small equivariant orbifold quantum cohomology we only 
need to find the correct deformations of the two relations kx'^ — 1^0 = my"^ — 
viiXy = 0. We will use the fact that the small equivariant orbifold quan- 
tum cohomology algebra is graded as a C-algebra, with degx = l/k,degy = 
1/m, degi^o = degi^i = l,degg = 1/k + 1/m. By degree reason it is easy to 
see that the relation xy = is deformed to xy = q. The relation fcx^ — z/q = 
my"^ — vi remains undeformed. This can be seen in the same way as its non- 
equivariant counterpart treated in [20], Section 4.3. Thus the small equivariant 
orbifold quantum cohomology of CP^ ^ is isomorphic to 



Relationship between small quantum cohomology and big quantum cohomol- 
ogy restricted to imposes the change of variable q = Qe*^ . This yields the 
description above. 

We conjecture that the full equivariant quantum cohomology can be de- 
scribed in a similar way. Namely, let M be the family of functions on the 
complex circle C* of the type: 



^ii ' '^ii-\-i2i '^1 ~l~ '^2 — ^ 

Vji ■ Vh = Vh+h^ 3i+ 32<m-l. 



Also, 



C[z/o,z/i][x,y]/(A;x^ -vo = my"" - Ui,xy = 0), 



mq]]Wo,i^i][x,y]/ikx^ - z^o = my"" - Pi.xy = q). 




m 



+ Z/i log X + Uq log 




) 
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Each tangent space of M is equipped with an algebra structure via the map: 

TtM = C[x, x-i]/ {djt) , d/dU ^ [dft/dU] , l<i<N. 

Let uj := dx/x be the standard volume form on C*. We equip each tangent 
space TtM with a residue metric: 

([</>i], [(i>2])t = -(res^=o + res^=oo) J^"^^ . 

We claim that this is a fiat metric on M and we prove it by constructing 
explicitly a coordinate system on M such that the metric is constant. If x is 
close to oo then the equation 

(3.6) ft{x) = X' + u, log X + uo log (Q/A) 

admits a unique solution of the type x = X + ao{t) + ai(t)A"^ + . . ., i.e., the 
equation determines a coordinate change near x = oo and we have the following 
expansion 

1 ^ 

logx = logX--[j2^'/'X-') + OiX-'-'), 

i=l 

where r*/^ are polynomials in t = {ti, t2, • • • , ^n)- More precisely, by using 

(3.7) {i/ky'^ = - res^=oo X'cu, 1 < i < k, 



we get 



'^1, 

r'^' = U + fi/kih,...,ti_,), 2<i<k-l, 

where fi/k are polynomials in ti, . . . , of degrees > 2. They can be computed 
explicitly by taking the coefficient in front of in the following Laurent 
polynomial: 

— y^f^^^V— + + 

i/k \ n J \x 

This formula is obtained from formula (13.71) by truncating the terms in the 
change (13. 6p that do not contribute to the residue in (13. 7p . 

The rest of the flat coordinates can be constructed in a similar way. Let 
y = Qe*'^ /x be another coordinate on the complex circle. Then each ft & M 
assumes the form: 

y +2^ tk+m-jV"" ' + 2^ tk-^ [- j + j + Z/0 logy + Z/1 log i ^ j 

j=i i=i y y \ y J 
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If y is close to oo then the equation 

(3.8) ft{y) = A™ + z/o log A + z/i log (Q/A) 

determines a new coordinate near y = oo and we have the following expansion: 

m 

logy = logA - - (5^r^/™A-^) + ©(A""^"^), 

where r-'/™' are polynomials in t = {ti,t2, ■ ■ ■ ,t]\f). The same arguments as 
above yield the following: 

l/m J. 

' ''fc+m— 1) 

^j/m _ tf^j^m-j + fj/m{tk+m-li ■ ■ ■ i ^fc+m-(j-l) ) j 2 < J < m — 1, 

where are polynomials of degrees at least 2 and can be computed explicitly 
by taking the coefficient in front of y~^ of the following Laurent polynomial: 

Lemma 3.5. In the coordinate system {T°'}a£ZkUi„,, the residue pairing coin- 
cides with the Poincare pairing. More precisely: 

Proof. We prove the equality only when a = i/k,(3 = i'/k,l < i,i' < k. The 
other cases may be treated in a similar way. Let us compute the residue at 
X = oo in the residue pairing. We change from x to the coordinate A defined by 
equation (13.61) . Differentiation by parts yields dr^ft + fl (dr^x) = 0. Therefore 

dr^ftu = - (dr^ logx) dft = k-' (A-^ + O(A-'^-i)) {kX'' + z/i - z/q) y . 

Now, the (— reSa;=oo)-term in the residue pairing of {d / dr"" , d / dr^) equals to 

-resA=oo k-^ (a^'- + (z/i - uo)X-' + 0{X~''-')) (A"^' + O(A-^-i)) y. 

The last residue equals 1/k ii i + i' = k and otherwise. To compute the 
(— reSa;=o)-term in the residue pairing, we switch to the coordinate y = Qe^^/x 
and then, in a neighborhood of y = oo, we change to the coordinate A defined 
by equation (13. 8p . An extra caution is required here since the 1-form in the 
residue involves partial derivatives in r" and and the coordinate change 
depends on t. Put ft = ftiQe^^ /y). Then differentiation by parts yields 
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In the last formula if we change from y to X then we get 

From here we find that the (— res2;=o)-term in the residue pairing of {8/ 9r", 8/ 8t^) 
equals to 

— (1^ 1^ + 0(A-'-')) (™A" + (.„ - .0) X' 

On the other hand tjv = (r^/*^ — r°/™)/(z/o — Ui). Therefore, the above residue 
is unless a = /5 = 0//c, in which case it equals ^^^^^ . □ 
We trivialize the tangent bundle TM = M x H via the fiat coordinates, 
i.e., 8/8t°' I— > la- Let us denote by •'^ the multiplication in the tangent space 
TrM = H. 

Conjecture 3.6. The equivariant cup product •r coincides with 

This may be interpreted as saying that ft is the equivariant mirror of CP^ ^. 

As discussed above, we know that the conjecture holds for r = t^p. 

Suppose that k and m are co-prime, then the equivariant orbifold quantum 
cohomology of CP^ ,^ is multiplicatively generated in degree 2. Thus the con- 
jecture follows from the reconstruction result of abstract quantum D-module 
([17j. Theorem 4.9). 

For general fc, m, we know from our previous article ^20j that in the non- 
equivariant limit = vi = Q the conjecture also holds. We expect that there 
should be a reconstruction-type theorem in equivariant quantum cohomology 
that implies the conjecture from the facts that we already know. However, re- 
construction of non-conformal (i.e. the structure constants of the cup product 
are not homogeneous functions) Frobenius manifolds, is a topic in Gromov- 
Witten theory not explored yet. On the other hand it is not entirely true that 
the homogeneity is lost, because we can assign degree 2 (or 1 if we work with 
complex degrees) to each of the characters z/q and vi and then the structure 
constants will be homogeneous. However, we could not find a way to use this 
homogeneity property. 

We would like to remark that the Frobenius manifold M in this section is 
a slight generalization of the Frobenius structure on the space of orbits of the 
extended affine Weyl group of type A, introduced by B. Dubrovin in pH]. In 
particular our arguments are parallel to the ones in [10] . Apparently, a similar 
Frobenius manifold was introduced by J. Ferguson and I. Strachan (see [I2j ) 
in their study of logarithmic deformations of the dispersionless KP-hierarchy. 

3.4. Oscillating integrals. Let t E M = H he such that fr is a Morse 
function. Denote by G C*, i = 1,2, . . . , k + m the critical points of /,-. For 
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each i we choose a semi-infinite homology cycle Bi in 

lim H^{Yr, {Re{fr/z) < -M}; Z) ^ Z'=+™. 

as follows. Pick a Riemannian metric on C* and let Bi be the union of the gra- 
dient trajectories of Iie{fr/z) which fiow into the critical point We remark 
that the function is multivalued, however its gradient is a smooth vector 
field on C* and so the above definition of Bi makes sense. Let 3 : C^^™ H 
be the linear map defined by 

(3.9) {Zci, 1„) := (-27rz)-i/2 f e^^/^0,a;, 

JBi 

where Cj, i = 1,2, . . . , k + m is the standard basis of C'^"'"'^, the index a G 
ZfcUZm, and we also fixed a choice of a branch of fr in a tubular neighborhood 
of the cycle Bi. 

Using the method of stationary phase asymptotics (e.g. see [3]) we get that 
the map Z admits the following asymptotic: 

(3.10) 5 ~ ^(1 + Riz + R2Z^ + . . ^e^'^ as z 0, 

where Ri,R2,... and U = dia.g{ui, ... ,Uk+m) {ui = /t(6) are the critical 
values of fr) are linear operators in C'^"^'", and : C^"*""* H is a linear 
isomorphism (independent of z). Under the isomorphism \E', the product •r 
and the residue pairing are transformed respectively into 

Ci €j 6ijCj, (Cj, Cj) ^i,j'> 

where 6ij is the Kronecker symbol and Aj is the Hessian of fr at the critical 
point ^i with respect to the volume form Ur, i.e., choose a unimodular coordi- 
nate t in a neighborhood of so that co = dt and then Aj = dffr{C,i). We will 
write R = l + Riz + R2z'^ + .... 

We are ready to define the function V^. However before we do this let us 
list two more facts which are not needed in the sequel but will be important 
for proving that T)^^ coincides with the total descendent potential of CP^ ^. 

Theorem 3.7. The map Z satisfies the following differential equations: 

(3.11) zdr'^Z = (0a»r) 5, « G Zfe U Z„. 

The proof of this theorem will be omitted because it is the same as the proof 
of Lemma 3.1 in [20j . 

Assume that r = tj^ip and that the critical points of fr are numbered in 
such a way that 

^. = z/i/fe + . . . ^ 1 < i < A; and ^k+j = Qe^z/-^/'" + . . . , 1 < j < m, 

where the two groups of expansions are obtained by solving /^(x) = respec- 
tively in a neighborhood of x = oo and x = 0, the dots stand for higher order 
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terms in Q, and the index i (resp. j) corresponds to a choice of k-th root of u 
(resp. m-th root of V). Put 

ga^ := 9ay''^~^'\ a = J / k E 1 < J < k , l<l<k, 

dai '■= goJ^^^^~^^'^ 1 a = i /m E l^j^""^, k ^ \ <i <k ^ m, 

Lemma 3.8. The asymptotical solution admits a classical limit Q = which 
is characterized as follows: {"^Rci, turns into either 

(3.12) ,„.exp /'|^ ^»(l-Y^) (_,)-n+i,n-i 

if = j / k, ^ ^ j k, or 
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(3.13) ^ajexpl^ 

\n=2 

if a = j/m E Z^, 1 < j < m, where Bn{x) are the Bernoulli polynomials: 

e* — 1 ^-^ n\ 

n=0 

Proof. It is enough to verify the first asymptotic, because for the second one 
we can employ the symmetry: switch uq with vi and k with m. We have to 
compute the asymptotic of (13.91) up to higher order terms in Q. Therefore 
we can use x'' + {vi — vq) logx instead of and also we can assume that Cj 
corresponds to the critical point ^i^, ^- < i < k. Let us make the substitution 
t = x^. Then the integral (13.91) . modulo higher order terms in Q, turns into 

(3.14) k-\-2nz)-^/^ [ e^'-'^°^'^'''Mt^^^)i''dt, 

Jb 

where the cycle B is constructed via Morse theory for Re (t — z/ log t)/z (see 
the construction of Bi in (13. 9p ). 

More generally, we will compute explicitly the asymptotic as 2; — of 

(3.15) I{u,z,s)= I e^'-'^^^'^'^f-^dt, 

Jb 

where s > is any real number. Using the method of stationary phase as- 
ymptotic (see [5]) we get that (13.151) admits an asymptotic as 2; — of the 
following type: 

^{u-uiog (-27rz/z) i/2eE^=2 _ 

In order to verify that the sum in the exponent depends on z/u note that the 
integral (I3.15P satisfies the differential equation {zdz + i'dy)I = {{—u/z) +s)I. 
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Furthermore, one checks that / satisfies the differential equation (zd^+ds)! = 
which imposes the following recursive relations on the polynomials A^. 

(3.16) A',{s) = s-^, <+i(s) = -A„(s). 

On the other hand when s = 1 the asymptotic of (13.151) is easily expressed in 
terms of the asymptotic of the Gamma function: 

(_^)-A+ir (-^ + l) ~ e('^-'^'°^'^)/^(-27rz.z)i/2e^""^-^^(-^/^)""\ 

where Bn = Bn{0) are the Bernoulli numbers and the asymptotic of the 
Gamma function is well known (e.g. see [^). Thus the coefficient An satisfy the 
following initial condition v4„(l) = Bn/ {n{n — 1)) (note that for n > 2 the odd 
Bernoulli numbers vanish), which together with (13.161) uniquely determines An- 
Using that the Bernoulli polynomials satisfy the identity: B'n{x) = nBn-i{x), 
it is easy to verify that An{s) = -B„(l — s)/{n{n — 1)). □ 

Remark 3.9. Lemma \3. 8\ implies Givental's R-conjecture for CP^, ^. 

3.5. The symplectic loop space formalism. Let Ti := H{(z~^)) be the 
space of formal Laurent series in with coefficients in H. We equip Ti. with 
the symplectic form: 

^{i{z), g{z)) := res2=o g{z)) dz. 

Let {l"}agZfcUZ™ be a basis of H dual to {!«} with respect to the Poincare 
pairing. Then the functions Pn,a = ^( , la-^") and q" = fl{l°'{—z)~"'~^ , ), 
where n > and a G U form a Darboux coordinate system on Ti. 
We quantize functions on Ti. via the Weyl's quantization rules: the coordinate 
functions Pn,a and are represented respectively by the differential operator 
Pn,a = ^d/dqn and the multiplication operator = and we demand 

normal ordering, i.e., always put the differentiation before the multiplication 
operators. 

If A is an infinitesimal symplectic transformation of Ti. then the map f t— > Af 
determines a linear Hamiltonian vector field. It is straightforward to verify that 
the corresponding Hamiltonian coincides with the quadratic function Ha '■= 
— |f2(Af, f). By definition A := Ha- If M is a symplectic transformation of Ti 

such that A := logM exist then we define M := e^. 
From now on we will consider only r = t^p. Put 

k+m 

(3.17) V^^ = C{t)S;^ {^Re'^'^y J] ^p^^^')' 

i=l 

where the vector space H is identified with the standard vector space Q^^^ 
via ^ and q* are the coordinates of q G H[z\ with respect to the standard 
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basis, i.e., = ^ and Vpt is the total descendent potential of 

a point: 



\ n,g ^^^9.n j=i 



Ppt(t) = exp V e'^-'- / n(t(^,) + 



where t{z) = to + ti^ + . . . G C[2;]. The factor C in (13.171) is a complex- valued 
function on H such that it makes the RHS independent of r. For all further 
purposes C(r) is irrelevant and it will be ignored. 



4. Vertex operators and the equivariant mirror model of CP^ 



k,m 



4.1. Introduction. Given a vector f G ?i, the corresponding linear function 
VL{ , f ) is a linear combination of pn,a and g° and f is defined by the above rules. 
Expressions hke e*^, f E H are quantized by first decomposing f = f_ + f_|_, 
where f+ (respectively f_) is the projection of f on ?i+ := H[z] (respectively 
7Y_ := and then setting (e^) = e^-e^+. Note that the vertex 
operators in the introduction are quantized exactly in this way. 

The proof of Theorem 11.11 amounts to conjugating the vertex operators 
and F by the symplectic transformation and then by \&i?e^/^. For the first 
conjugation we use the following formula ([S], formula (17)): 

(4.1) ^.e*^;i = e^(f+'f+)/2e(^-f); 

where f G ?i and + means truncating the terms corresponding to the negative 
powers of z and the quadratic form VF(f+, f+) = J^i^nA, fn) is defined by 

(4.2) W.,ur'.-' ^ «(£)fi. 

Therefore, our next goal is to compute S'^f^ and S*^?^. Before doing so we 
explain a very important property of our vertex operators. The content of the 
next section is the key to the proof of Theorem 11.11 

4.2. Changing the coordinate A. Let us denote by O the space of formal 
Laurent series in and by the space of formal series: 

(4.3) f (A, z)=y" X(") (A) (-2)", such that lim (A) = 0, 

where the limit is understood in the A-adic sense, i.e., for each > there 
exist deZ such that J(") G A-^C[[A-^]] for all n>d. 

Furthermore, we fix an element G O such that both resA=oo 4> and the 
polynomial part p G C[A] of are non-zero and we introduce the following 
first order differential operator: 

(4.4) D = -zp-^dx-p~^(j)-, 
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where 0_ := (p — p. 

Let g G C^[[-2^^]] be a Laurent series in A"-^ and z~^: 

(4.5) g = J29a,rX~^Z~^. 

a>A 
r>R 

We will prove that the operator D is a linear isomorphism in (9 [[2;^^]] and that 
the infinite sum 

(4.6) f = 5^X(")(A) i-zr := $^^"g, 

is a well defined element of The main result in this subsection is the 

following transformation law for f . 

Proposition 4.1. If x = X + + aiX~^ + . . . is another formal coordinate 
near A = 00. Then 

(t){t)dt 



f{x) = f (A) exp (^z-^ 



Proof. Note that Di = f, i.e., 

9aJ(")(A) = 0(A)J("+^)(A). 

Thus the same proof as in [19], Lemma 3.2, applies. □ 
We will show that for each pair of positive integers M and N there exists 
(i G Z such that 

(4.7) D-^''g e z-^'0[[z-^]] and D^'g G A-^C[[A-\ z^^^]] 

for all M' > d and A^' > d. This would imply that the infinite sum (14.61) is 
convergent in an appropriate 2, A-adic sense to some element in 

We pass to a new variable ^ = / p{X)d\. If — 1 is the degree of the 
polynomial p then, after inverting the change, we see that O = 
Also the differential operator D takes the form 



/k 



i>l 



where Oj are some constants and z/ 7^ 0. 

Lemma 4.2. The operator is a linear isomorphism in OUz"^^]] and its 
inverse has the following property: 

^ ]^u-^ + z-^0[[z-'^]] otherwise, 

where a G {l/k)Z. 
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Proof. We will construct the inverse of D^. The equation D^i = has a 
unique solution of the following form 



-zia + I) + u ^ 



a+l—j/k 



where G z-'^C[[z-^]]. We define D^-^^ := f° and one checks that if Dc is 
extended by linearity, then D^^i e C^[[^^^]] for all f G The lemma 

follows. □ 
Assume that g is a series of the type (14. 5p . i.e., the powers of z and A are 
bounded from above. According to Lemma the operator will decrease 
the highest degree of z at least by 1. On the other hand note that D decreases 
the highest degree of A at least by k. Thus ( 14. 7p holds. 

4.3. The symplectic action on f"^. Let be the differential operator (14. 4p 
corresponding to = dxfr, i-e., 

1 1 771 

(4.8) = -z-x'-'d, + -{uo - i^i)x-' + -{Qe^rx-'-"'. 
We define a vector in the symplectic loop space Ti 

f,± = ^/i'^)(r,x)(-z)", s.t. (f^lj ■.= ±J2D:{k-'Ux)x~'), 

where a G Z^UZm- Let us compute I±\t, x). Note that the terms in the above 

sum which contribute to I^^ are the ones with n > 0. The rest, according to 
Lemma [4.21 do not contribute. Thus 

(4.9) (jf (^,a;),l„)=0.(x)^. 

Note that DJ^ = f^, thus by comparing the coefficients in front of (—2;)""'" 
we get the following recursive relation: 

(4.10) dJ^''\T,x) = (djr) /("+^)(r,a;). 

In particular, all coefficients are rational vector-valued functions on Y^- 
with possible poles only at the critical points of /,-. 

In a neighborhood of x = cx) we choose another (formal) coordinate A = 
X + flo + CLix~^ + . . . such that A is a formal solution to the equation 

(4.11) A'^ + z/i log X + uo log(Q/A) = /.(x), 

where /t(x) = f{x,Qe'^/x). 

We will show that 5'^f=''(A) = f^(x). It is enough to prove that 

{k-'Mx)x-'') = (f.^(x),U) = {SJ^{X),la) = (daJJ^W) , 
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where a G ZfeUZ^, da is the derivative along vector la, and the last equahty is 
deduced after comparing the definitions of the J-function J and S^- of CP^^. 

Let us compute {daJ, f^)- Assume first that a = i' /k,l < i' < k. Note that 
only the first sum in the formula for zdaJ (see Corollary 13 ■4p will contribute to 
the inner product. Take the ci-th summand in this sum. It will have a non-zero 
pairing only with those terms in f^(A), (see ( 11.11) ) which correspond to n E Z 
and i,l < i < k s.t. 

—dm + i' + k — i = 0{modk), i.e., i = —dm + i' {mod k). 

Pick n G Z in such a way that the product in corresponding to n and i 
cancels with the product in the d-th summand, i.e., —i/k + n = {dm — i')/k. 
On the other hand, note that the sum of all terms in f ^ which have a non-zero 
pairing with the ci-th summand can be written as follows: 

where 

Dx = -z^X'-'^x + l{lyo-ly^)\-^ 

Thus the pairing between zdaJ and is 

./ 1 



n'eZ d>0 ' n'&L 



where D\ is given by formula (14.81) . We recall Proposition 14. H the change 
(14. lip and since ga^" = fc~^0a(A) we get exactly what we wanted to prove. 
The case when a=j/m,l<j<m is similar and will be omitted. 

A similar statement holds for the other vertex operators F . Let y = Qe*^ /x 
be another coordinate on the complex circle. Put /t(2/) = fXQ^^/y^y) and let 
Dy be the differential operator (14. 4p corresponding to = dyfr, i.e., 

(4.12) Dy = -z-y'-'^dy + -(z/i - z/o)y~" + -(QeO^"'"'". 

m m m 

We define a vector in the symplectic loop space 7i 

= J2^^:\T,y){-zr, s.t. (f^, la) ■.= ±J2^y KV.(l/)r") • 

Just like before we prove that the 0-mode is given by 

(4.13) (7f(^,^),i„)=0^(^)^. 

dfr 

and that the following recursive relation holds: 

(4.14) dyf''\T,y) = {dyU)f''^'\T,y). 
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In a neighborhood of y = oo we choose a formal coordinate A such that 
(4.15) A'" + z/o log A + z/i log(g/A) = fr{y). 

ThenSj^(A) = f,^(y). 

5. From descendants to ancestors 

Let us describe the HQE which one obtains after conjugating the HQE in 
Theorem 11.11 by Sr and then we will give the details of the computation. 
An asymptotical function is, by definition, an expression 

(oo ^ 
9=0 

where T^^^ are formal series in the sequence of vector variables to,ti,t2, ■ ■ ■ 
with coefficients in the Novikov ring C[[g]]. Furthermore, T is called tame if 

d 

—— — — T^^^ = whenever ki + k2 + ■ ■ ■ + K > 3g - 3 + r, 

dhl-.-dt^l 

where are the coordinates of t^ with respect to {Iq}. We will say that a 
tame asymptotical function T satisfies the HQE below if for each integer r 

(5.1) (reS:r=o + res^=oo) c,.(r, x) (F;: ® F+) (T ®T)dx = 0, 

where F^ are the vertex operators e^^ (see subsection 14. 3p and 



Cr(r, x) = X ^ exp I (r — 1) — ^ h (r + 1 

The Hirota quadratic equations (15.11) are interpreted as follows: switch to new 
variables x and y via the substitutions: q' = x + ey, q" = x — ey. Due to the 
tameness ([Il|, section 8, Proposition 6), after canceling the terms independent 
of X, the 1-form on the LHS of (15. ip expands into a power series in y and e, 
such that each coefficient depends polynomially on finitely many I^^\t, x) and 
finitely many partial derivatives of T. The residues in (15. ip are interpreted as 
the residues of meromorphic 1-forms. 

According to A. Givental ([IS], section 8), the asymptotical function A^'^ := 
(jilRe^^^) n-^pt(Q*) is tame. Slightly abusing the notations we use r G C to 
denote also the cohomology class rp. The goal in this section is to prove the 
following theorem. 

Theorem 5.1. V^' satisfies ([L2D iffA^' satisfies (lO) . 

Proof. We recall formula (14.11) and the main result in subsection 14.31 



X (Qe'^/x) 
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where 

W = iy.((f+(A))+, (f+(A))+), W = (A))+, (A))+) 

We will prove that 
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(5.2) 
(5.3) 



W = C 



w = c + 



X{mX"' + uo - z/i) 



2 

Ui - Uq 



{Qe^lvf + log 



where C = (S'iIq/a:, lo/fc) , C = [Silo/m, lo/m) , and x and y are related to A 
respectively via (14. lip and (14.15^ . It is sufficient to establish the ffist formula, 
because for the second one one just interchange k with m, vq with z/i, and x 
with y. Using that = {dxfT)I+~^^^ we get 



\n+l 



d^w = 9.iy.((f+)+,(f+)+) = a. 5^(iy„,/«,/f )(-i) 

n,l>0 
n,l>0 

= - E f(5K-l)'/i^5n(-l)"/i"^) - (/f (A),/f (A))j (9./0 



\n+l 



n.l>0 



Jf (r,a:),/r(r,x)) + ( If (A), If (A) ) (9../.) 



r(0)/ 



(0), 



where A and x are related via equation (14. lip . The two 1-forms (j^^^ (r, x) , /|°'' (r, x) j (i/,- 
and (^lf\\),lf\\)^ dfr are equal respectively to 



iku-^x^'' + mV-HQe^/xf^ + A;(A; - 1)^^^ + mim - iMQe^/x)"^) -— 



and 



((A; - 1)A'= + iz-^A'^^) 



dX 



One can check that primitives of these two 1-forms are given respectively by 
(5.4) log (xV;) + ^-(^)-^(^^^V^)'" and + log (A^' - u) 



In order to fix the integration constant C, note that (f^)+ = lo/fc for x = oo. 
Thus 

C = W\x=oo = Wr{lo/k, lo/fc) = (Wo,olo/fc, lo/fc) = {Sllo/k, lo/fc) • 
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The rest of the proof follows the argument in section 3.5 in [19j. Since 

V = Sr At up to a prefactor, we get that V satisfies (11.21) iff At satisfies the 
following HQE: 

(5.5) resA=oo y (a^-'c^F; ® r+ - (g/A)"-'e^r+ ® f;) 

where 0o/fc = 'S'rlo/fc and 0o/m = •S'T-lo/m- This is the place where we will 
use that At is a tame asymptotical function. The tameness condition im- 
plies that after the substitutions ey = (q' — q")/2 and x = (q' + q")/2, and 
the cancellation of terms that do not depend on A, the 1-form in (15. 5p be- 
comes a formal series in y and e with coefficients depending polynomially on 
finitely many of the modes I^'^ and I^^'' and finitely many partial derivatives 
of JF^(x) := log^r- Furthermore, if we choose two new (formal) coordinates x 
and y in a neighborhood of A = oo according to (14. lip and (14.151) then the co- 
efficients and become rational functions respectively in x and y. Thus 
the LHS of (15. 5p is a formal series in x, y, and e whose coefficients are residues 
of rational 1-forms. In particular, the action of the translation operator 

^-{n+l)^0/k{T,z)-n4>o/^{T,z) ^-l4>o/k{T,z)-{l+l)(f>o/^{T,z) 

on (15. 5p is well defined, i.e., we can cancel the corresponding term in (15.50 . 
However, since e^e^ = e^^-^'^^e^e^ , the two vertex-operator terms in ( 15. 5p will 
gain the following commutation factors: 

^n(-{n+l)0o/fc-n0o/m,fr-)+!^(-/<^O/fc-a+l)'!!>O/m,f+) ^ e^^"""^''^^ 

and 

where we used that St is a symplectic transformation, thus 

Q{STla, f^) = ^{StIc, 5.f^) = ^{la, f^), a e U 

and the later is easy to compute from formula (II. ip . Thus (15.50 is equivalent 
to the following HQE: 

dX 

resA=oo -J- X 

A-'^e^+('-^)^r; ® r+ - (|) e^-^^+^^^r: ® r; j (A ® A) = o, 

where we put r = I — n. We write the above residue sum as a difference of two 
residues. In the first one we change from A to x according to (14.110 and we 
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recall formula (15.21) . After a short computation we get: 

(5.6) res,=oo e^+^""'^"^c,(r, x) {V; ® r+) (A ® A) dx, 

where Cr{T,x) is the same as in (15. ip . In the second residue we change A to y 
according to (I4.15P and we recall formula (15. 3p : 

res,=oo e^+(^+')^^c,(r, Qe^y) (r+ ® f;) (A ® A) Q^- 

Note that if we change y = Qe^/x then = F^, thus the last residue trans- 
forms into 

(5.7) - res,=o e^+^'+'^"" ""c,(r, x) (F; ® F+) (A ® A) ^x. 

We compare (15. 6p and (15.71) and we see that in order to finish the proof of the 
theorem, we just need to verify that 

C + ir-l)^^ = C + ir + l)^^-r, i.e. C-C = r'-^. 

Uq - Z/i Z/q - Z/i Z/Q - Z/i 

On the other hand we know that C = {Silo/k, lo/fc) which is equal to the 
coefficient in front of in {do/kJ, lo/fc)- The later can be computed from 
Corollary 13.41 The answer is the following: 



C 

Similarly, 



ri^o/{t^o - t^i) if k^m, 

ruo/ {uq - ui) + kiQe'Yl (z/q - z/i)^ ii k = m. 



|^rz/i/(z/i - z/q) + m(Qe^)™/(z/i - z/q)^ if A; = m. 
The theorem follows. □ 



6. From ancestors to KdV 

In this section we prove that the ancestor potential A^'^ satisfies (15. ip . In 
view of Theorem 15.11 this would imply Theorem II. 1[ Note that the vertex 
operators F^ have poles only at x = 0, oo, or ^j, 1 < i < + m, where the 
later are the critical points of /,-. Thus it is enough to prove that the residue 
of the 1-form in (15. ip at each critical point is 0. 

Let us fix a critical point and denote by Ui = /t(6) the corresponding 
critical value. The function fr induces a map between a neighborhood of x = 
and a neighborhood of A = -Uj which is a double covering branched at Ui. We 
pick a reference point Aq in a neighborhood of Ui and denote by x±{Ao) the 
two points which cover Aq. Finally, let us denote by x-i-(A) the points covering 
A. Note that x±{A) depend on a choice of a path C between Aq and A avoiding 
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Ui. On the other hand, for any function g{x) meromorphic in a neighborhood 
of we have 

resa;=5^ 9{x)dx = resA=„. ^ fi'(a;±(A))^±(A)dA. 

Thus the vanishing of the residue at of (15.11) is equivalent to: 

(6.1) resA=„, <^ dA V , , (F^ ® K^^){Ar ® A) ^ = 0, 

[ ^ a:4/;(x±) J 

where are the one point cycles [x±(A)] G H^(f~^{A);Z) and the vertex 
operators can be described as follows: 

f±^(A) = -^f±(x), Tf^=(e'^y, PeH\f;\A)-Z). 

We will prove that the 1-form in the { }-brackets in (16. ip is analytic in A. 
In particular this would imply that the residue (16. ip is 0. The proof follows 
closely the argument in [1^. 



Note that the vector- valued function (t, A) can be expanded in a 

neighborhood of A = as follows 

(6.2) A) = ^==y + 0(A - -^)), 

where the standard vector Cj in C*^^™ is identified via \E' with a vector in H and 
the value of >/2(A — Ui) is fixed as follows. Choose a path Co from + 1 to 
Aq, then the translation of CoCq along vector —Ui is a path from 1 to A — Wj. If 
we choose Cq arbitrary then (16.21) is correct up to a sign, so if necessary change 
Cq in order to achieve equality. We introduce also a 1-form Wp'^pn, called the 
phase form, defined as follows: 

yVp',P" = - (/^^(r, A),/^)(r,A)) dA, 0,0' e R^{f;\A)-^). 
Lemma A. The vertex operators and r~^± factor as follows: 

where 

K= I W,, 



A 



^(/3+-/3_)/2,(/3++/3_)/2- 

Proof. This is Proposition 4 from [16], section 7. □ 
Lemma B. For A near the critical value Ui, the following formula holds: 
(6.3) T$^P+-P-)/^ (^i?e^/^)^= e(^'+"'')/2 (^i?e^/^)^r±. 
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u i+1 




A A-u i 



Figure 1. Integration paths. 



where 




±V2A 

Proof. This is Theorem 3 from [T6]. □ 
The integration path in the definition of Wi is any path connecting A and 

Ui + e and e — > in such a way that Ui + e ^ Ui along a straight segment. The 

integration path in Wi is the straight segment connecting A — Ui and A. The 

various integration paths are depicted on Figure 1. 

Using Lemma A and Lemma B we get that the expression in the { }-brackets 

in (16.11) is equal to 

r(/3++/3_)/2 ^ r-(/3++/3_)/2 ^^R^U/z^^-^ (^i?e^/^)^ 

^ A "1 k+m k+m 

± ^ j j=l j=l 

where the index i in F^^ is just to emphasize that the vertex operator is acting 
on the i-th factor in the product 11^=™ ^pt(Q."') ^-nd the coefficients c± are given 
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(6.4) logc± = 2 ^^^*/"^^)" - log(x|/:(x±)) + W, + Wi±2K+ [ 

^0 — ^1 



by the following formula: 

where the path 7+ is the composition of C o Co and the line segment from 1 
to + 1 and 7__ = 7+ o 7', where 7' is a simple loop around starting and 
ending at 1 (see Figure 1). 

We will prove that with respect to A the functions c+ and c_ are analytic and 
coincide in a neighborhood of Wj. This would finish the proof of the theorem 
because, according to A. Givental [TB], the 1-form 

is analytic in A whenever T is a tau-function of the KdV hierarchy. On the 
other hand, according to M. Kontsevich [TB], Vpt is a tau-function of the KdV 
hierarchy, thus the theorem would follow. 

Note that the first two terms in (16.41) . up to a summand of A/(z/o — ui), 
coincide with the primitive (see (15. 4p ) of the 1-form Thus 

2 (QeVx±(A)r _ j^g^^i^, ) ^ ^^^^^^ ^ ^/^^^ _ ^ 
i^o - 1^1 JAo 
where the constants C± are independent of A (they depend only on x-i-(Ao)). 
and their difference can be interpreted as 



J-y 

where 7 is a simple loop around Ui (see Figure 1). Therefore logc± admits the 
following integral presentation 

logc-t = lim 

e— >0 

^/3±,/3± + / >V(/3+-/3_)/2,(/3+-/3_)/2 ± 2 / >V(/3+_^_)/2,(/3++/3_)/2 + 

Ao Ja Ja 

A 2(e-n,) A-..2^ z^o-^i ^ 

In the first integral put P± = {P± + /?q:)/2 + {P± — After a simple 

computation we get: 

^ 1 



log C± = / W(/3±+/3^)/2,(/3±+/3^)/2 + "A + C± 

JAo '^O - 1^1 



>V(/3+-/3_)/2,(/3+~/3-)/2 + 2y^ >V(;3±_;3^)/2,(/3±+/3^)/2 + J ^ 
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where 7^ is the composition of the paths: 7± - starting at 1 and ending at A, 
the straight segment between A and A — Ui (i.e., the integration path for Wi), 
and the path from A — to e obtained by translating the path between A and 
Ui + e. Furthermore, we rewrite the last formula as follows: 



if r^^^ f d$ 

/ >V(fe+^^)/2,(fe+/3^)/2 + -A + C± + lim / Wfe,fe+/ - 



The first integral is analytic near A = -Uj, because near A = Wj, the mode ij^^ ex- 
pands as a Laurent series in VA — with singular term at most 1 / ^(A — Ui). 
However the analytical continuation around A = Ui transforms l'^^ into 

hence I'p^ + ij^^ must be single- valued and in particular, it could not have sin- 
gular terms. Since the limit is independent of A, the analyticity of c± follows. 
It remains to prove that c+ and c_ are equal. 

log c+ — log c_ = lim I (f yVi3_ ,/3- + / ^ 



[f^^ — 2^ 

where 7^ is a closed loop around Ui starting and ending at Ui + e. The second 
integral is ivri (the sign depends on the orientation of the loop 7'). To compute 
the first one, write /?_ = (/3_— /3+)/2 + (/?_+/?+ )/2 and transform the integrand 
into 

AO) AO) A lo/'rW AO) \,fA0) Ao) 

-'(/3_-/3+)/2'^(/3_~/3+)/2y +^ \\/3^-/3+)/2^\l3^+l3+)/2) + \^^(/3_+/3+)/2' ^(/3_+/3+)/2 

The last term does not contribute to the integral because it is analytic in A. 
The middle one, up to a factor analytic in A, coincides with (A — Uj)"^/^, 
therefore its integral along 7^ vanishes in the limit e — > 0. Finally, the first 
term has an expansion of the type 



J^°^ ] - " I 0(A u 

^(/3_-/3+)/2'^(/3_-/3+)/2 i - o/A \ ^^V^ 



1 

2(A - 



and so it contributes only ivri to the integral. Thus (logc+ — logc_) is an 
integer multiple of 27ri, which implies that c+ = c_. 



Appendix A. Proof of Corollary 13.41 

A.l. Combinatorial notations. We assume that k,m are co-prime. With- 
out loss of generality we may assume that k > m. For each integer i with 
l<z<m — Iwe define two positive integers g^, as follows: 

ik = mqi + r^, where < < m — 1. 
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Note that 7^ 0, otherwise k,m are not co-prime. Also put go = 0,gm = k. 
Clearly we have 

^ < A < + ^ 

km k 

Lemma A.l. ^ > 3i±l, 

m k 

Proof. The inequality is equivalent to Vi + k > m, which follows from the 
assumption k > m. □ 

We introduce the sequence {sa}a=T which is a rearrangement of the selEI of 
numbers {7, f, — , — , ^^^| into increasing order: Si = 7, and 



where < j < m — 1 and 1 < / < qj+i- 

We define differential operators Sa by the following rule: 

• if s„ e define 

moT m 

• if s„ G {^,^,...,^^^}, define 

z d vi 
koT k 

Now put Dq = Di = id and for a > 2, define 

7<c« 

For Sa G define Sa '■= —msa- In this case we may write 



qs 



— for some 1 < s < m and < a < (g^ — Qs-i) — 1- We have 



< Ts+am < r s+mqs—mqs_i—m = sk—{{s—l)k—rs„i)—m = /c+r^.i— m < k. 

Thus the fractional part of -mSa = ^■'^+^°+"-'" is 

For Sq, = ^, we define := —ksa- We have — fcs = — mg^ — = — m(l + 
g^) + m — r^. Thus the fractional part of —ksa is '^"''^ . 



Note that we treat t and — as two different numbers. 
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A. 2. Proof of Corollary 13. 4L It is straightforward to see that the vector 
DaJx is a linear combination of z times partial derivatives of Jx (restricted 
to if^(CP^,^)). We will prove the following equalities: 

(A.l) SiJx = {rng.m/m)~ 

(A.2) 52Jx = {kgk/kY^zdk/kJx- 



(A. 3) DaJx = zds^Jx, a > 3. 

The proof of flA.ll) - flA.3l) requires explicit computations of the left-hand 
sides of them. f l3.4p - fl3.5l) will follow as a by-product. 
First we show (lA.ip . Applying 6i to (13. ip yields 



(A.4) 

Qdm dmr(^^(^uo ^ _ z^N 
OiJx — Ze > ^ , /■ i-~dm k 

Here the term with highest power in z is zulo/m, hence (lA.ip holds. To see 



3.51) in the case j = m, we rearrange (]A.4p as follows: 

d>0 ^'^ \\J{dn.lk} + bz) d>0 ^'^ Ub={dm/k} + 

= XI 1^+^ l-{rfm+m)/fc, (re-indexing), 

d>0 C/IZ'^ W^^_) dm + m Al^ + &2;) 



d>0 



d\z'^ ]^^^ dfc-m (v + fe) "^^^"^ 



gdfegdfer n6<{i«L_Ii}('^ + fe) 



(Note our convention on the fractional part { }.) 

The proof of (jAj) and ([331) the case z = /c is similar. 
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rsll . (13.41) for i ^ and f l3.5p for j ^ m will be proven together by 



induction on a > 3. 

Case a = 3: We compute 



(A.5) 



+ 2;e^^ (- -)z/lo/m + 2;> ,, , ^ — 



.>o d\z^Ui:iL/kyi'^ + bz) 

d>0 Ut%/rn}i-+"^bz)d\z'^' 



Here it is easy to see that the term having the highest power of z is Q™e™'^l_m/fe- 
So Q~"^e~"^'^62SiJx = zdk-rnJx, proving the case a = 3 of (1A.3P (note that 

k 

S3 = ^-r^)- We can further simplify (1A.5I1 as follows: 



Qdm—m pdnriT—raT f ^ i dm \ 



Qdk—m^dkT—mT^-p | lifc 

Qdk+{k-'m) dkT+{k~-m)T (rp , {d+l)k \ 

d>0 ]\b={{d+l)k/m}i^ + ^^)(^ - 1)'^ 
r^dm^drriT \ , ^ r dm-(k-m) ^{v -\- OZ) 

^ "'^ I \f.^ dm-(k-^) (u + bz) k 

/^dk+lk—m) „dkT+(k—rn)T 

+ 2^ l_dk+(k-m). 



This is exactly the i = k — m case of (13 ■4p . as desired. 
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Induction step: Now consider 3<a<k + m — 1, suppose tliat ( ]A.3[) and 
the corresponding (13 ■4p or fl3.5p hold for a. Note that 

(A.6) D^+iJx = g-^-^^+ie-'^'-^^+i-^, (Q'='"^"e^"^*""z9g„ Jx) • 

There are three cases which we handle separately. 

Case 1: Sa,Sa+i e {f,...,^}. 
We have Sa+i = Sq + p We may write Sa = i/k for some 1 < i < k. According 
to our discussion at the end of subsection I A . 1 1 we have i > m and Sq+i = 
Also, 5a = —-§ — — — Sakz. By induction, (13 ■4p holds for this i. We will prove 



flA.3p for a + 1 and fl3.4l) for i — m. 



Using (13.41) for this i we calculate 

EQdm+kmSa ^dmr+kmSaT dm-n (u + bz) 

(A.7) .>o ^'^ Ut<^-^i'^ + bz) ^ 

Qdk+i+kmSa p{dk+i)T+kmSaT _|_ ^ 

+ ze^"'''' -^—^ {V + z)l 

d>0 U,Z^xi'^+bz)d\z'i 

Here the term having the highest power in z is 

Y[h^{m-i\ii^ + bz) 

/^m+kmsg ^mT+kmSgT k ' -t /^m+kmsa ^mr+kmSaT -i 

\^ 6 — . ~. ~ r -L — m+i — ^/ C X —m + i ^ 

ih<m^\i^ + bz) k k 



-{dk + i) . 



because > — 1. In view of Sa+i = Sa + \ and ( 1A.6P this implies (1A.3P for 



a + 1. Moreover, we may further simplify (1A.7P to obtain: 

Er)dm+m+kmsa „dmT+{m+kmSa)T J~\ l,^ r dm+m-i xiu + bz) 
_i ^^"^^ fc ^ 1 , 

Qdk+i+kmSa Q{dk+i+kmSa)T -| 



+ ze^'''^'Yl 



<^>o U,.lkM^A^ + bz) 

Using Sa+i = Sq, + I and removing the factor Qi^^^'^a+i^kmsar ^ obtain (13. 4p 
for i — m, as desired. 

Case 2: = ^,Sq+i = 
In this case Sa = i^,s„+i = . Also, 5a = —4 — — — Sakz. By induction, 
(13.40 holds for i = Vg. We will prove flA.3P for a + 1 and (13. 5p for j = m — r^. 



Using (13. 4p for i = Ts, a similar calculation gives flA.7p with i replaced by 
Vg. In the first sum, the term having the highest power of z is 

Ylh<(^^i^\i'^ + bz) 

[h<m^{j^ + bz) 
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because = l "^"^" }. In the second sum, the term having the highest power 
of z is 

because < — < 1. Note that 

m 

Ts + kmSa = Ts + mqs = ks = kmSa+i- 

We conclude that flA.Sp holds for a + 1. Further simplifying flA.7p for i = Vg 
yields 

/^dm+m+kmsa ^dmT+(m+kmSa)T i 

^^T,yo/z V g ^ ^ 1 

'^^ / ^ 71 W rf„,,+™,-r. J- -(dm + (m-r3)) 



^ ^dk-\-rs-\'kmSa ^{dk+rs+kmSa)T r dk—{m—rs) 

^ ^ , — 1 -dfc + (m-rs)) , 



d>0 



which in turn yields (13.51) for j = m — after removing the factor Q^^e^^'^ . 

Case 3: Sq, = ^, Sq,+i = 
In this case S« = ^,s„+i = ^~^+^- ■ Also, 5„ = ||: - - s„m2;. By 
induction, fl3.5p for j = m — holds. We will prove (IA.3P for a + 1 and (13. 4p 
for i = k — m + Tg. 

Using (13.51) for j = m — we calculate 

(A.8) 

/^dm+m—Ts+kmSa „(dm+m—rs+kmSa)T ( i dm^-m— N 

-2e""o/"V-^ - 5^— ^ -1 + . 

~ / ^ d^ + m-rs ± (dm + m-rs) 

. (^dk+kmSa„{dk+kmSa)T ■ ^ r dfc-(m-rs) , ( + O-Z) 

In the first sum, the term having the highest power in z is 

(^m—rs'\-kmSap{m—rs+kmSa)T{,.\ m—rs ^\ 

z T;r::77 J-.is^ — ^■v e ± 

because < < 1 and m — + /cmso- = m(gs + 1) = kmSa+i- In the 

second sum, the term having the highest power in z is 

. Ylh^{!^^in±i^\il^ + bz) 
^r^k+kmSaAk+kmSa)T "^t m > -1 _ r)('[\ 

~Yl /—.IN-*- -h + r^^-rs — tyi^ij. 



fc — m + rs , 
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because ^ > ^ > 0. We conclude that (IA.3D holds for a + 1. Further 

m m ^ ^ 

simplifying ( lA.Sp yields 



^ Qdm+kmSa+1 ^dmr+kmSa+iT dm-(k-m+ra) ^ {v + hz) 

/ u J\ ,] TT ( X I. \ -d"i + (fc-m+r.,) 

^ dlz'^ I |^^ d^-(fc-^+.,) (z/ + bz) 



/^dk+k+kmsa „(dk+k+kmSa)T 

^l^d dfc + (fc-m+ra) i. -(dk + (k-m+rs)) , 



which is easily seen to yield (13 ■4p for i = k — m + Vg, after using A; + kmSa = 
kmSa+i + {k—m+rs) and removing the factor Q^">-sa+iQkmsa+iT ^ This completes 
the induction, and the proof of the Corollary. 

Appendix B. The bi-graded equivariant reduction of the 2-Toda 

hierarchy 

The 2-Toda lattice hierarchy was introduced by K. Ueno and K. Takasaki 
[23]. For the purpose of Gromov-Witten theory it is more convenient to intro- 
duce a hierarchy, which we also call 2-Toda, obtained from the 2-Toda lattice 
hierarchy by a certain infinitesimal lattice spacing limiting procedure (see [6]). 
From now on when we say 2-Toda we always mean the second one, not the 
original one. 

B.l. Background on the 2-Toda hierarchy. The 2-Toda hierarchy consists 
of two sequences of flows on the manifold of pairs of Lax operators: 

(B.l) L = A + ^aiA-* and I = ge^A^^ + ^ a^A*, 

j>0 i>0 

where Q is a fixed constant, Oj, aj, v are formal series in e, whose coefficients are 
infinitely differentiable functions, v has no free term: v = v^{x)e + v'^{x)e'^ + . . ., 
and A is a formal symbol which secretly should be thought as the shift operator 
e^^"', i.e., we demand that A and u{x;e) satisfy the following commutation 

relation Au{x; e) = u{x + e; e)A := ^ Y,k>o ^.^'^ (^x'^{^'-> e))^- 

The fiows are defined by Lax type equations: 
(B.2) 69,„L=[(L")_,,L], edyJ=[{L-)^,Ll n > 1, 

(B.3) ec%„L = -[(I")__,L], ec^ J = -[(I , L ], n > 1, 

where if M is a formal series in A and A~^ then we denote by (resp. M_ 
) the series obtained from M by truncating the terms with negative (resp. 
non-negative) powers of A. 

Given a pair of Lax operators ( IB. II) we say that 

V =1 + wi{x- e)A~^ + W2{x] e)A-2 + . . . 
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and 

Q = wo + wi{A/Q) + W2(A/g)' + . . . 

form a pair of dressing operators if L = VAV~^ and L = QQA^^ . Accord- 
ing to [23j, Proposition 1.4, the pair of Lax operators L and L is a solution to 
the 2-Toda hierarchy if and only if there is a pair of dressing operators V and 
Q, called wave operators, such that 

(B.4) edy^ V = -iL")-V, edy,^ Q = 

(B.5) edy^V = -{T).V, edy^Q = (r)^Q, n > 1. 



Let us remark that the two sequences of time variables in [23], denoted there 
by Xn and Un, correspond in our notations respectively to i/^/e and —y^/e. The 
reason for the negative sign is that our definition of the flows fIB.Sp differs from 
the one in [23] by a negative sign. 



Given a non-zero function r(x, y,y;e), where y = ?/2, • • •) and y 
(^15^2) • • •)) define two operators V = I + wiA'^ + W2A~'^ + . . . and Q 
Wo + wi{A/Q) + W2{A/Qf + . . . , by 



(B.6) 1 + wiX'^ + W2X~'^ + . . . 
and 

(B.7) Wo + WiX-^ + W2X-^ + ... 



exp ( - J2n=i ^ ^dy^)^{x, y, y; e) 



exp ( E"=i ^ ^9y^)^{x + e, y, y; e) 



The function r(x, y,y;e) is called r-function of the 2-Toda hierarchy if the 
corresponding operators V and Q form a pair of wave operators, i.e., they 
satisfy equations (lB.4p - (lB.5p . 



Let us remark that our definitions of wave operators and r-functions are 
slightly different from the ones in [23j. Namely, we define the wave oper- 
ator Q via the identity L = Q{QA^^) Q~^, while in [23] the definition is 
L = Q'A-\Q')-\ On the other hand QA'^ = Q^/^A-^g-^/^ therefore Q' = 
QQ""/'. Our excuse for departing from the standard definition is that we prefer 
to work with wave operators that admit a quasi-classical limit e — 0. Note that 
if we put Q' = Wo + w[A + W2A + . . . and Q = + wJi(A/Q) + W2{A/QY + ..., 
then w[ = WiQ^^^. This implies that if we define r' the same way as r except 

that in flRTl) we use instead of then r' = gK(^A)'-(^A))r. 
Let us introduce the following vertex operators: 



oo oo 

r± = exp ( ± J2iyn/e)X'') exp ( T ^ -- e9,„) 



A- 

n=l n=l 
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and defined by the same formulas as but with instead of ?/„. Then 



according to [23], Theorem 1.7 and Proposition 1.6, the Lax operators L = 
VAV^^ and L = Q'A^^{Q')^^ form a solution of the 2-Toda hierarchy iff r' 
satisfies the following HQEs: 

res.=oo y (V^" (1+ r/) ® (F^ r^^i) - A""' (f ® (rV^)) = 0, 

where for every integer r we put := r'(x + re, y,y;e). Substituting in the 
above HQEs the formula for r' in terms of r we get that r(x, y,y;e) is a 
T-function iff the following HQEs hold: 
(B.8) 

resA=oo y (a'"" (r+ n) ® (E" r„+i) - (QA"^)'"" (frz+i) ® (F^x^)) = 0. 

B.2. The equivariant bi-graded reduction. According to the change of 
variables fll.4l) and (11. 5p we have ^q'''^ = (z/q — jyi)yk and gg^™" = (z/i — z^o)Fm- 
Note that the shift of q^^'' (resp. Qq^"^) by ne is equivalent to shifting yk (resp. 
Vm) by ^^""^^^ (resp. j,^^^ ) ■ Motivated by Theorem 11.21 we ask the following 

Question B.l. What are the solutions L and L of the 2-Toda hierarchy such 
that the corresponding r-function has the form 

(B.9) r(x, y, y; e) = V{yi, ...,yk + — - — , . . . , ^i, . . . , y„ + — - — , • • • ; e), 

I/O - z/i z/i - I/O 

I.e., (i/o - ui)d^T = {dy^ - dyjrf 

This is equivalent to the following conditions on wave operators: 
(B.IO) (I/O - i^i)d,V = {dy^ - dyjV and (i/o - u,)d.,Q = (9,, - dyJQ. 
We define the logarithms of the Lax operators L and L by 
logL := PlogAp-^ := ed^ - {ed^V)V"^ 

and 

logl := Qlog (QA-i) := -ed, + logQ + (ed^Q) Q-\ 
On the other hand from equations (IB.lOp we get 

ed^V = {edy,V - edy^V) = {-{L')-V + (L'^).V) 

I/o — I/i I/o — 1^1 

and 

ed.Q = -1- {edy,Q- edy^Q) = -J— {{L'^Q - (l'-)^Q) . 

I/q — I/i I/o — I/l 

Using our definition of logarithms of the Lax operators we write the above 
relations in the following form: 

+ (i/i - I/o) logL = {L^) + (!"')_ + (i/i - i/o)e9^ 
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and 

Now the description of the new hierarchy is the following. We define flows on 
the manifold of Lax operators 

k m—1 



Note that the equations L^ + ^ui — vq) logL = C and L +(z/o — i^i) log {Q~^L) = 
C have unique solutions of the types respectively L = A+ao+aiA~^+a2A~^+. . . 
and L = Qe^A~^ + cTq + aiA + 02 A^ + . . . , where Oj and aj are formal series in 
e whose coefficients are differential polynomials in ui, U2, ■ ■ ■ ,un '■= Qe". The 
flows of the hierarchy are given by: 

(B.ll) edy^C = [{L^)_^,C], edy^C = -[{T)_,C], n>l. 

One can check easily that this is a commuting set of flows. Also, by tracing 
back our argument, one can check that all solutions C are given by 

C = {VA'V-')_^ + (Q(gA-i)'"Q-i)_ + (z/i - uo)ed,, 
where V and Q are defined by formulas (IB. 60 and (]B.7|) . for some function r 



of the type (1B.9P satisfying the bi-linear identities (IB.Sp . 

In order to check that we have an integrable hierarchy one needs to find a 
Hamiltonian formulation and prove the completeness of the fiows. This could 
be done in the same way as in the article [13]. Another interesting problem is 
to prove that the Extended Bi-graded Toda Hierarchy (EBTH) defined in |5| 
is a non-equivariant limit of our hierarchy fIB.llI) . 

It is shown in [5] that EBTH is bi-hamiltonian, while the methods of E. Get- 
zler [l3j give only one Hamiltonian structure for fIB.lip . A natural question 
is whether the second Hamiltonian structure admits an equivariant deforma- 
tion. A positive answer to the last question would be an indication that the 
big project of B. Dubrovin and Y. Zhang [TT] admits a generalization in the 
context of equivariant quantum cohomology. 
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